Problem j13-1-1/j13-1I-15. Denote by d(n) the number of all natural divisors of a natural
number n. Prove that the sequence d(n? + 1) starting from any natural number ng is not
strongly monotonic. (Vilnius University)

Solution. Note that d(n? + 1) < n for all even n. Indeed, the number n? + 1 is not
square and so it is possible to split the set of all its divisors into pairs {d, (n?+1)/d } where
d < n and d is odd. The number of divisors in all such pairs does not exceed n.

Let us assume that starting from some ng € N, the sequence is strictly monotone. For
d(n? + 1) is always even, we get

d((n+1)*+1) >d(n* +1)+2

or, in general,
d((n+k)*>+1) >d(n*+1)+2k

for any natural numbers n > ng and £ > 1. Let N > ngy (e.g., N = ng). Taking any
s> N —d(N?+1) (such that N + s is even), we get

d((N+5)?+1) >d(N*+1)+2s > N+,

which is a contradiction with d((N +s)2 +1) < N +s. O
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Problem j13-1-2/j13-I-19. Let A = [a; ;] be an m x n real matrix with at least one non-

zero entry. For each i € {1,...,m}, let R; := 2?21 a; ; denote the sum of the entries of the

i-th row of A, and for each j € {1,...,n}, let C; :=>_"" | a; ; denote the sum of the entries
of the j-th column of A. Prove that there exist indices iy € {1,...,m} and jo € {1,...,n}
such that

Qigjo >0, Ry, >0,  Cj, >0,
or
Qigjo <0, Riy <0, Cj, <0.

(Assistant (and former student competitor) Vjekoslav Kovaé¢ / University of Zagreb)

Solution. Consider the following sets of indices (some of which may be empty):

It:={ie{l,...,om}| R >0},
I":={ie{l,....m}| R <0},
Jt ::{je{l,...,n}’Cj>0},
Jo={je{l,....n}|C;<0}.

Suppose that the statement of the problem does not hold. Then (but not equivalently) we

have a; ; < 0 for every (i,7) € I x J* and we have a; ; > 0 for every (i,7) € I~ x J~. Let
us write the sum Z(i fel-xJ+ @i in two different ways:

n
> aij= ) ( aij;— ) ai,j) =Y Ri- ) aij <0,
(i,5)€EL~ xJT icl— “j=1 jeJ- iel- (i,5)€I~xJ~
m
Y aii= ) ( aij— Y am‘) => C- > aij = 0.
(i,5)el—xJ+ jeJt Yi=1 ielt jeJt (i,g)eltxJ+

Therefore, Z(i, Hel-xJ+ Gij = 0 and we have only equalities in the two formulae above.
This is only possible if > ,c;- R; = 0 and 37, ;+ C; = 0,50 I~ = 0 and J* = (,f which

means R; > 0foralli=1,...,mand C; <0forall j =1, ..., n. Moreover, from
m m n n m n
D SV 3D SUTED ) SIFES SISt
i=1 i=1 j=1 j=11i=1 j=1
we conclude R; =0 fori=1,..., mand C; =0for j =1, ..., n. Since A is a non-zero

matrix, there are indices iyp and jo such that a;, j, # 0, but R;;, = 0 and C;, = 0, which
leads to a contradiction with the assumption that the statement of the problem is false. [

T If I # (), then Z(i’j)el,xﬁ aij <Y ;- Ri <0 — a contradiction. We can argue
similarly to show JT = (.
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Problem j13-1-3/j13-1-9. Find the limit

lim \/1+2\/1+3\/-~-+(n—1)\/m .

n—oo

(Moubinool Omarjee, Paris)

Origin. This problem comes from the list which Mr. Moubinool Omarjee from Paris
sent to us in December 2002. (List 1. Problem 1.) ~

Solution. Let

um,nz\/1+m\/1+(m+1)\/--~+(n—l)m :

We have )
um,n =1+ Mmum+1,n ,

w2 — (M4 1) =m (g1 — (m+2).

Using the equality |a — b| = |a® — b?|/]a + b| and inequality wy, , +m + 1 > m + 2, we get

m
|um7"_m_1|§m+2|um+1’"_(m+2)|'
We deduce that
2 3 n—1
n_3<7'7'~~~' “Un—-1,n — ’
uzn =3l < 7 % e LS ]
6 1
-3 < — \/1 — V1 —n)=0(=).
=3 < ey (Vi - 0V —n) =o( 1)

So we get

lim us,, =3.
n— o0 ’
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Problem j13-1-4/j13-1-12. Let A and B be complex Hermitian 2 x 2 matrices with pairs
of eigenvalues (a1, s) and (01, 032), respectively. Determine all possible pairs (y1,72) of
eigenvalues of the matrix C = A+ B. (Charles University in Prague)

Solution. Recall that all eigenvalues of a Hermitian matrix are real numbers and that
there exists an orthonormal basis consisting of eigenvectors of the matrix. As we can add a
suffitiently large multiple of the identity matrix to both matrices A and B, we can suppose
wlog that aq, as, 81, P2 > 0 and that 1,72 > 0 as well.

Let us also wlog suppose a1 > ag, (1 > f2, 71 = 72 and a1 — as > (1 — B2. By easy
arguments, we can see

Y+7=TtC=TrA+TrB=o1+as+ 1+ .

Further, it holds that
m <o+ B, Yo > ag + 3.

(The first inequality can be seen if we rewrite it slightly: v; = ||C|| < [|A]| + || B|| = a1 + 51
The second inequality follows if we consider the equality above and the first inequality
together. — Alternatively, v = max(Cz,z)/(x,z) < max(Ax,z)/(x,z) + max(Bz,x)/
(x,z) = a1 + 01 and 2 = min(Cx,2)/(z,z) > min(Az,z)/(z,z) + min(Bz,z)/(z,x) =
ag + B2.) Later we will also prove the inequalities

m > oq+ B, 72 < B1+

(in fact, it suffices to prove only the first one because the second one follows if we use the
equality given above).

From these inequalities, we can see that 71 € [ + (2,1 + S1]. (The value of 5 has
to be “complementary” to obtain the right value of the sum ~; 4+ 2. It also worths noting
that even if v = ay + (o, then still ;3 > 9 = 61 + as. This follows from the assumption
a1 —ag > (1 — [a.) We will show that 41 can assume any value from the given interval
[a1 + B2,a1 + (1]. Consequently, the set of all possible pairs (y1,72) of eigenvalues of the
matrix C' = A+ B is

{(m,)aa+b<n<u+bf,nt+r=+a+p+p5}.

To see this, let us put

_foar O (B O _ cost sint
A_(O a2>’ B_(O Bg)’ P(t)_<—sint cost>'
The matrix A obviously has eigenvalues (a1, as). The matrix B(t) = P~1(t)BP(t) obviously
has eigenvalues (31, 32). If we note that P=1(t) = PT(t) and define the matrix C(t) =

A+ B(t), we have
y = (™ + 2 0
0 az+ 51 )"

The matrix C(0) has the eigenvalue 71 (0) = ay + (1. (Note that v1(0) > 72(0) = az + f2.)
The matrix C(n/2) has the eigenvalue v;(7/2) = a3 + 2. (Note that v1(7/2) > v2(7/2) =
ag + (1.) As both eigenvalues (y1,72) of a matrix C' depend continuously on the coefficients
of the matrix, we deduce that 7 (¢) is a continuous function. Consequently, it assumes every
value from the interval [y + (2, @1 + (1], which we wanted to demonstrate.

Now it only remains to prove the inequality v; > aq + G2 for any two complex Hermitian
matrices A and B. Let us recall that we still wlog suppose a3 > as > 0, (1 > 2 > 0 and
v1 > v2 > 0. Let v; and vy denote the eigenvectors of the matrix A corresponding to
the eigenvalues «; and s, respectively, and let w; and ws denote the eigenvectors of B
corresponding to the eigenvalues 81 and (3, respectively. We can suppose that the bases
{v1,v2} and {w;,ws} are orthonormal. So there exists some unitary matrix U = (Z;i Z;g)
such that

[SIE]

_ (a4 B 0
C(O)_A+B_< ! a2+ﬁ2>, o

V1 = U11W1 + Up2W2 and w1 = U1V1 + U21V2,
Vg = U21W1 + U22W2 Wg = U2V1 + U202 .
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We will estimate 7; in the following way. First,
mn =sup{ [Ca| : [z =1} > ||Cui

where ||-|| denotes the Euclidean norm. (Let us justify the formula. Recall that v =
max|| =1 (Cz, ). Obviously, 7% is the greater eigenvalue of C?. Consequently, it follows
that 7§ = max,=1(C?z, ). As C is Hermitian, we have (C*z,z) = 2*CCzx = 2*C*Cx =
(Cz,Cx) = ||Cx||?.) Second,

Cvy = (A+ B)vi = aqv1 + fruriwy + Baurpws = (o + B2)vr + (61 — f2)uniwr =
= (001 + B2 + (B1 — B2)urrtar)v1 + (B1 — B2)ur1lia1vs .

As the vectors vy and v are orthonormal and () — f2)u11%11 > 0, we conclude

1 > ||Cu| = \/|a1 + B2+ (81— 52)%1511‘2 + (B — ﬁz)unﬂm‘Q >

> \/|a1 + B2 + (61 — 52)%1511‘2 >ay+ P
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Problem j13-1I-1/j13-11-51. Two square matrices A and B with real entries satisfy the
conditions A?99?2 = B2993 — F and AB = BA. Prove that A+ B + E is invertible. (The
symbol E denotes the identity matrix.) (University of Belgrade)

Solution. Let (A+ B + E)x = 0 for some vector z, i.e.,, (B + E)xr = —Axz. Then
we have —A?z = A(B + E)xz = (B + E)Az = —(B + E)?z, and, continuing in this way,
(B+ E)x = (—1)kAkz. As A2902 = B we get (B + E)?%%z =z, i.e.,

((B+ E)*? - E)z = (B* - E)z =0.

(Recall B2993 = E.) In other words, taking that p(t) = (¢ + 1)2°°2 — 1 and ¢(t) = ¢2°9% — 1
are polynomials, we have just got

But, since 2003 is a prime, ¢(¢t)/(t — 1) is a primitive polynomial for all its roots, and
therefore none of them is a root of the another monic polynomial p(t) of degree 2002; further,
the remained root ¢ = 1 of ¢(t) is not a root of p(t), which implies that p(t) and ¢(t) are
coprime.

Since there exist non-zero polynomials r(¢) and s(¢) such that r(¢)p(t) — s(t)q(t) = 1
(recall the Euclidean algorithm), we can conclude that @ = r(B)p(B)x — s(B)q(B)x = 0,
and so A + B + E must be invertible indeed. [

1 The polynomials p(¢) and ¢(t) are really coprime (relatively prime). Here is another
argument: Every polynomial (of degree > 1) can be written as a product of factors of

degree 1. In particular, p(t) = (t +1)2992 — 1 = iO:OlQ(t — 2px) and q(t) = 2003 — 1 =
i(ff’(t — Zgq.k), Where zp 1, ..., Zpooo2 and zg1, ..., Zq2003 are the roots of the polynomial

p and ¢, respectively. Obviously, the polynomials p and ¢ are relatively prime iff they have
no root in common.

It is easy to see that the roots of ¢ lie on the unit circle in the complex plane. Similarly,
it is easy to see that all roots of p are on the circle with radius 1 and its centre at the
point —1.

Thus, the intersections of the two circles,

—¥2 4§V2 = cos+ 3T fisin+3T = (—1) + (cos£T +isin+2),

are the only possible common roots of ¢ and p. But none of these two points is a root of q.
It follows that p and ¢ are coprime.
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Problem j13-11-2/j13-1-17. Let {D1, Do, ..., D} be a set of disks in the Euclidean plane
and a;; = S(D;ND;) be the area of D;ND;. Prove that for any numbers x1, 2, ..., 2, € R,

the following inequality holds:
Z Z Qi T2 Z 0.
i=1 j=1

(Warsaw University)
Solution. Let xp :R? — {0,1} be the characteristic function of the set D;:

_ 17 lf(xay)EDla
Xp,(@y) = {0, if (z,) ¢ D

We have
XD;nDj = XD; XD »

hence
S(D;NDy) = //Rz Xp;np, (#,y) dzdy = //RQ Xp, (@, y)xp, (z,y)dzdy.

Therefore

n n
DD wixp, (@, 9)asxp, (2, y) do dy =
i=1 j—1

iiaijxixj = //

i=1j=1 R

2
= //R2($1XDI(JC,Z/) + - +axp, (z,y)) dzdy > 0.
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Problem j13-11I-3/j13-11I-70. A sequence (a,)52, of real numbers is defined recursively
by

ag:=0, ay =1, an+2:=an+1—|—;—z, n>0.
Prove the following:

(a) The sequence (a,)>2, is convergent.
(b)
- 1
lim a, =1+ —— .
e 2 )

(¢) The limit lim,,_, a, is an irrational number.

(Assistant (and former student competitor) Vjekoslav Kova¢ / University of Zagreb)

Solution. (a) Obviously, a,, > 0 for every n > 0. The sequence (a,)52, is increasing
since anq2 — Gpt1 = ap /2™ > 0 for every n > 0. It suffices to show that (a,)S2, is bounded
from above. For each n > 0, we have anq2 < apt1 + Gny1/2" = ant1(1 + 1/2™). Using the
inequality between geometric and arithmetic mean, for every n > 1 we obtain

n 1 n 1 1 LR n+1)
< T+ =) =2TT(1+=) <2 = ~ ) <2 < %.
was [1(ge) =M1 (e g) =L ( S ) ) =2(*) ==

(b) Consider the power series > oo a,z". Since limsup,, .. V/]an| < lim, o ¥/2e =
1, its radius of convergence is R > 1. Therefore, on the open unit disc, with center at the
origin, it converges to a holomorphic function f(z) := Zf;o anz™. Inductively, we obtain
ant2 =1+ Y1y ar/2" for any n > 0. So lim, o0 @y, = 14> peyax/2" =1+ f(%) and we
have to find f(%)

Now we use the recurrent relation for (a,)5 to obtain a functional equation for f. We

multiply an49 = ant1 + a, /2™ by 2"*2 and sum over all n > 0 to get

o0 oo o

2 1, .2 n
g Ant2z"™ :ZE an412" T+ 2 E an(%)",
n=0 n=0 n=0

that is
f(2) = z=2f(2) +2°f(3),
or
(L—2)f(2) =22f(3) +2 for |z| < 1. (1)
We substitute z = 1/2" for n = 1, ..., N (where N > 1 is a fixed number) into (1), then
multiply the n-th equality by some constant s,, > 0 and finally sum up those N equalities:
(1= 3) 76 = () &) + 5. |51
1= 1)) = @) @ + i |- 52,
(1= 3 ) f(50) = (=) o) + 3= |50y
(1 - 50) F(55) = (559) F () + 5 | Snt1 s
(1= g% ) F(5k) = (&) F(zde) + o, s
S S Sn
SH) = S ey
To obtain the given result (namely, to achieve cancelling of the terms with f(%n) for n =
2, ..., N), we had to choose the numbers s,, so that
(1 — 271%)8”4,1 = (2%)23,1 forn>0. (2a)
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Let us put
so:=1. (2b)

It follows that s; = 2. Equalities (2b) and (2a) lead to

n—1 (2%)2 n—1 1 1

n—1
Sk+1
so=[[==1I =l g1y = oo
oo Sk 212 1) e (26— 1)

1— 21
k=0 2k+1 k=0

for every n > 1. Finally, we have

T T ) DI T
2 922N 2 — n 2N(1\£*1)+N Hg:1(2k o 1) — 'L(" 1) Hk 1( - )

The first term tends to 0 when N — oo, so

f(%):g1 e 1>H1 o 3)

(¢) The proof of lim,,_,+, a, € R\ Q is based on the fact that the series in (3) converges
“very rapidly”. Suppose that its sum equals % for some positive integers p and ¢q. For each

integer N > 1, denote

N
ay =27 H v PN _qNZ =)

H“( -1

Obviously, py and ¢y are positive integers. We manage to estimate pgy — qpy. We have

N
( ( )
N NNlH <2NN1H2k—2N2

k=1 k=1
and -
by 1 >
r_ ey < =
'n.(n 1) n(n 1)
¢ N Fh 27 [ (21 SR 2T T Hk 12
oo o
1 1 1 1
I s
on(n—1) om 9N2+N-1 oN 1qN
n=N-+1 m=N(N+1)

Thus, 0 < pgy — qgpn < %,T so (pgv — qpN)N>1 is a sequence of positive integers that
converges to 0. This is a contradiction and we are done. [J

1 It is easy to see from the definition of the numbers py that the sequence (%) is strictly
increasing to the limit %. Hence Z—g < %, qpn < pqn, and 0 < pgn — gpn- As the difference

is integer, we have even 1 < pgn — qpnN-
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Problem j13-11-4/j13-1-18. Let f,g:]0,1] — (0,+00) be continuous functions such that
f and % are increasing. Prove that

Ly feat !
7f0xf() dx§2/ @dt.
o Jogt)dt o 9(t)
(Assistant (and former student competitor) Vjekoslav Kova¢ / University of Zagreb)

Solution. First, we estimate the expression inside the integral sign on the left side of the
given inequality. By the Chebycheff’s inequality for integrals applied to increasing functions
[ and % on the segment [0, 2] (where z € (0,1] is fixed), we get

(2 [ roa)(3 [ ey <2 [oa.

fow f(t) di < z

r N EI0))
Jy gttar = e gy

that is,

(1)

for every z € (0, 1]. From the integral form of the Cauchy-Schwarz inequality on the segment

[0, z], we have
xT 2 4
</ tdt) _——
0 4

T @ T t2f(t)
[ fe) (], S e) >
1 4 [T
fox %dt = zt Jo  g(t) & @
From (1) and (2) we obtain
Jo fdt _ 4 (T2 f(t)
o Ao ¥

Finally, it remains to integrate (3) over = € (0, 1] and to reverse the order of integration.
1 T +)dt 1 x 2 1 1 2
7101 S0 dx < / (/ 4t3f(t) dt> dz = / (/ 4t3 It dx) dt =
0 Jo g(t)dt o o 23g(t) o \Je 23g(t)
142 1 142
G P S CYR N P
g(t) ¢ @? o g(t) \2t* 2

0
- 1@ 2 1@
_2/0 g(t)(l t)dt§2/0 g(t)dt.

O

Remark. The constant 2 on the right hand side of the given inequality is optimal, i.e.,
the least possible one. Consider f(t) :=1 and g(t) := t 4 ¢ for some fixed € > 0. Then

L) dt ! !
wd$=/ #dsz/ dz =2In(1+42¢) —2In2 —21lne
o Jyg(t)dt 0 T°tew 0 T2

and

REAGIF Y B
/og(t)dt/o t+€7ln(1—|—5)—ln5.

The quotient of these two expressions can be made arbitrarily close to 2 since

. 2In(14+2¢)—2In2—2Ine ) 71n(11+25)+}1172+1
lim =2 lim ne ne =2.
N0 In(1+¢)—1Ine N0 _1n§1+€) +1

ne

Therefore, the constant 2 is the best possible one. ~—
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